The distribution of canonical determinants in QCD is determined by means of chiral perturbation theory. For a non-zero quark charge the canonical determinants take complex values. In the dilute pion gas approximation, we compute all moments of the magnitude of the canonical determinants, as well as the first nonvanishing moments of the real and imaginary parts. The non-trivial cancellation between the real and the imaginary parts of the canonical determinants is derived and the signal to noise ratio is discussed. The analytical distributions are compared to lattice data. The average density of the magnitude of the canonical determinants is determined as well and is shown to be given by a variant of the log-normal distribution.
I. INTRODUCTION
QCD at finite baryon density and low temperatures is one of the least understood regions of the QCD phase diagram. The reason is that the baryon chemical potential introduces a sign problem which invalidates standard stochastic methods to evaluate the path integral for the QCD partition function. The source of the problem goes back to the fluctuations of the pions when the chemical potential exceeds half the pion mass. Then the value of the average fermion determinant is strongly suppressed with respect to the average of the magnitude of the fermion determinant (for reviews and additional details see [1] [2] [3] [4] [5] ). One way to evade this problem might be to use the canonical ensemble [6] [7] [8] [9] . This approach only requires the QCD partition function at imaginary chemical potential which can be calculated reliably by standard methods [10] [11] [12] [13] . However, the extraction of the canonical partition function requires the evaluation of the Fourier transform 
so that Z q = D q . Because this is a finite polynomial the Fourier coefficients can be determined exactly by means of a discrete Fourier transform. The computation of the average of the canonical determinants, however, remains a challenge. In this paper we show that this challenge depends crucially on the value of q. For small q the signal to noise ratio is tractable while it becomes exponentially small with increasing q.
To address the signal to noise problem in the canonical approach we will evaluate the average magnitude of the canonical determinants to one-loop order in chiral perturbation theory and compare them to the average of the canonical determinants. This will give us information on the degree of cancellations that take place in evaluating the canonical partition function. The magnitude is obtained from the absolute value of the canonical determinants. This carries an isospin component which couples to the pions. On the contrary the charge dependence of the average of the canonical determinants themselves is not directly coupled to the pions. This difference leads to an exponentially small (in the charge) signal to noise ratio. We also obtain the full distribution of the absolute value of the canonical determinants and make comparisons with lattice results for the q-dependence of the canonical determinants.
The problems facing the canonical approach have also been emphasized in [14] . Though the entire approach is different, the problems were traced back to the same source, namely that the average value of the baryon correlator is strongly suppressed with respect to the "noise" given by the absolute value squared correlator which at large distances is dominated by the contribution of the pions.
We start this paper with a discussion of canonical partition functions corresponding to non-zero isospin chemical potential (section 2). In section 3 we show that the same expressions give the magnitude of the canonical determinants at non-zero baryon number density. The relative size of the cancellations which take place in the evaluation of the canonical partition function is estimated in section 4 by modeling the nucleon contribution in terms of a resonance gas model. In section 5 we compare the q-dependence of the canonical partition functions with results from lattice QCD simulations. The full distribution of the magnitude of the canonical determinants is derived in section 6 and concluding remarks are made in section 7. Additional details are worked out in three appendices.
II. CANONICAL PARTITION FUNCTIONS FOR ISOSPIN CHARGE
Before we turn to the distribution of the canonical determinants in QCD with non-zero quark charge it is useful to compute the canonical partition functions at fixed isospin number.
In oder to derive the canonical partition function with isospin charge we first recall the relation between the grand canonical partition function and the canonical partition function.
For simplicity we consider two light flavors of mass m.
The two flavor QCD partition function at non-zero isospin chemical potential µ is given by
where D is the Dirac operator and the average is over the Yang-Mills action. This grand canonical partition function can be decomposed in terms of canonical partition functions as
with
We evaluate the canonical partition functions to one-loop order in chiral perturbation theory. At this order, the grand canonical partition function in the normal phase is given by [4] 
where the µ dependence of the free energy resides entirely in the part (see [15] )
The µ independent part, G 0 | V =∞ , will be suppressed throughout (the final results will be ratios where this contribution drops out). The corresponding canonical partition functions are given by the coefficients of exp(µq/T ) in the expansion of the one-loop result for the µ-dependent part of the grand canonical partition function in powers of exp(µ/T )
Using the asymptotic form of the Bessel function K 2 (which corresponds to the nonrelativistic limit) we can make an estimate for the parameter domain where the terms with n > 1 can be ignored. From the condition that the correction to the free energy density due to the n = 2 term should be much less than the free energy density from the n = 1
contribution we obtain
Therefore for a dilute pion gas,
we can restrict ourselves to the n = 1 term. This results in the canonical partition function
with ω defined by
For odd values of q the canonical partition functions vanish. This is natural since the pions (in the convention used here) carry two units of isospin charge. For even q the canonical integral is given by the modified Bessel function resulting in the ratio
Thus we have found that the distribution of the canonical partition functions over q is described by the modified Bessel functions [28] . For m π /T ≫ 1 we can also replace K 2 by its asymptotic form resulting in
The chemical potential corresponding to the canonical partition function is worked out in Appendix A.
Finally, it is instructive to sum over q to obtain the grand canonical partition function
which, as it should, brings us back to our starting point.
As we shall see below, the computation of the distribution of the canonical determinants at non-zero quark charge has many analogies to the above computation of the canonical partition functions as a function of isospin charge. Let us therefore briefly discuss the overall structure of these computations: For the Fourier transform (5) is a sub-leading saddle point, which is not taken into account above. The analytic form of this contribution is worked out using mean field chiral perturbation theory in Appendix C.
III. THE CANONICAL DETERMINANTS AT NON-ZERO QUARK CHARGE
Let us now turn to quark chemical potential. Since the pions have zero quark charge we obviously have
when evaluated in CPT. However, the fermion determinant at non-zero chemical potential can be decomposed into canonical determinants before averaging over the gauge fields
Note that D q=0 is real.
Although pions do not have baryon charge, they contribute to the magnitude of D q ,
The reason is that
is the partition function at non-zero imaginary quark, i(θ 1 + θ 2 )T , and isospin, i(θ 1 − θ 2 )T , chemical potential. The double Fourier transform in (19) singles out the contribution with isospin charge q and zero baryon charge. To one-loop order in chiral perturbation theory it is given by
For m π /T ≫ 1 when the inequality (10) is satisfied, the average |D q | 2 normalized to the q = 0 expression simplifies to
This main result is compared to lattice data in section V.
In order to address the cancellations in the average of the canonical determinant we now evaluate also D 2 q . This computation follows the same lines as above and instead of (22) we obtain
Using the one-loop result we obtain for m π /T ≫ 1,
as expected, since the double Fourier transform in (23) singles out the contribution with quark charge q and pions have zero baryon number.
In order to understand better how D 2 q = 0 for q = 0 is formed, first note that we have
q , which can be rewritten as
Now, let us express the expectation value of D 2 q in terms of the expectation value of its real and imaginary parts
Next note that both the square of the real part and the square of the imaginary part contain
Therefore, the canonical determinants with non-zero q have equal variance in the real and the imaginary direction of the complex plane (when evaluated within chiral perturbation theory). These contributions cancel in the evaluation of D We can also calculate the average value of |D q | 2 from the mean field expression for the free energy in the condensed phase. The calculation proceeds along the steps of Appendix C and one obtains the result
IV. SIGNAL TO NOISE RATIO
In the previous section we have seen that to one-loop order in chiral perturbation theory 
where
with m N the nucleon mass [29] . Therefore the 'signal to noise' ratio of the average canonical determinants is given by (note that D q=0 is real and hence that D
For large q the ratio I q/3 (V x)/I q/2 (V y) goes as (x 1/3 /y 1/2 ) q . Using this we find in the dilute
Note that the factors of V cancels. Since m N /3 > m π /2 we conclude that at fixed baryon density the signal to noise ratio becomes exponentially small in the thermodynamic limit. 
V. LATTICE RESULTS FOR CANONICAL DETERMINANTS
The distribution of the canonical determinants has been measured in lattice QCD in [9, 16, 17] . In this section we make a first qualitative comparison of the analytical prediction for the q dependence of the average magnitude of the canonical determinants, Eq. (22) (ω = 0.628 reduced χ 2 ≃ 3.6), where the analytical expression is expected to hold best.
We have computed |D q | 2 / |D 0 | 2 on these lattices and have used the argument, ω, of the Bessel I q functions in Eq. (22) as a fitting parameter. In Fig. 1 we show the results for a temperature of T = 100 MeV. The data for |q| ≥ 13 are not to be considered (the accuracy of the Fourier transform used does not allow to compute canonical determinants for |q| ≥ 13).
We observe that the fit works well over 20 orders of magnitude. We have used the data in the range |q| ≤ 6 for the fit which returns the value ω = 0.085, with a reduced χ 2 ≃ 0.4.
Despite the higher temperature the fit for T = 140 MeV shown in Fig. 2 is almost as good. The fitted values of ω in this case is ω = 0.628 with a reduced χ 2 of 3.6.
For larger values of q we find significant deviations between the lattice results and the analytical fits. This could be due to the larger n contributions in the ratio of the canonical determinants
Numerically it is no problem to keep more terms in this sum. In Fig. 3 we compare the I q /I 0 distribution (obtained keeping only the n = 1 term) to the distribution we get keeping the n ≤ 2 terms and all terms. As expected the higher n terms affect the larger q values more.
The effect is of the same magnitude as the deviation of the lattice data from the analytical prediction but the sign is opposite.
Because of the rather large pion mass in the present simulation, further lattice studies are required in order to quantify the test of the analytic expression.
VI. FULL DISTRIBUTION OF THE MAGNITUDE OF THE CANONICAL DE-TERMINANTS
In this section we will evaluate the average of all moments of |D q | 2 in the limit of a dilute pion gas and obtain an analytical expression for the density ρ q (x). The probability density of the magnitude of the determinants is given by
Let us first consider the p-th moment of the absolute value squared of the fermion determinant to one loop order in chiral perturbation theory. The partition function is the same as for the theory for 2p flavors and, to one loop order, each flavor contributes
to the free energy. For the 2p moment we thus find for vanishing isospin chemical potential
which are the moments of a log-normal distribution.
For convenience we use in this section a slightly different normalization of D q which includes the contribution of the neutral pions and denote the canonical determinants byD q .
In this normalization we obtain the moments
where the first exponent is the contribution due to the 2p − 1 neutral pions. The second factor in the exponent can be rewritten as
The squares can be linearized by a Hubbard-Stratonovich transformation. This results in
The sines and cosines can be added as
and the same for the θ-variable. After shifting φ and θ by −φ 0 we obtain
For p = 1 the integral can be evaluated analytically
The normalized moments are given by
The sum over p in Eq. (34) can be evaluated analytically after inserting the expression (44) for the moments. This results in the average density
This can also be written as
. This is a variant of a log-normal distribution which can be seen by keeping only the exponential factor in the asymptotic expansion of the Bessel functions. For large determinants we thus find
Another useful quantity is the cumulative distribution of the canonical determinants. It is given by
with I q (r(y)) = √ y. For large q we have that I q (x) ∼ (x/2) q /q! so thatr ∼ 2qy 1/2q /e resulting in the cumulative distribution
VII. CONCLUSIONS
For a fixed non-zero quark charge the canonical determinants in QCD take complex values. The average of these canonical determinants is the corresponding canonical partition function, which is a real and positive number. To address the cancellations which take place in forming the canonical partition functions we have computed the distribution of the canonical determinants by means of chiral perturbation theory. In the limit of a dilute pion gas, the result simplifies to an expression in terms of modified Bessel functions. There are strong cancellations between the real and imaginary parts of the canonical determinants which lead to an exponential suppression, exp(−q(m N /3 − m π /2)), with respect to the average magnitude. The magnitude is strongly fluctuating as well with a distribution that in the low-temperature limit is given by a variant of the log-normal distribution. Moreover, we have evaluated the canonical partition functions at non-zero isospin density. We have also determined the contribution to the canonical determinants from the mean field saddle point corresponding to the Bose condensed phase. We find an exponential suppression for small q which turns into a Gaussian tail for large q. This effect becomes more relevant for larger values of q. 
and n I is the isospin charge density
For large q we can use the uniform approximation for modified Bessel functions
In the low temperature limit, the argument of the modified Bessel functions is small so that
and
For large q and low temperatures we thus have
√ πq e q/2+ω 2 (q/2−1) ,
In the large q limit I (q+2)/2 (qω) simplifies to
This results in the ratio
Forω ≪ 1 we obtain
This results in the chemical potential
In order to occupy the zero momentum states we need that µ > m π /2. The critical temperature for the formation of a pion condensate is thus given by the relation µ I (T c , n I ) = m π /2.
In the low temperature limit the critical temperature in the n = 1 approximation is thus given by
which up to the proportionality constant agrees with the result first obtained by Einstein [20] (See Appendix B). It should be noted that for (2mT ) 3/2 /n I ∼ O(1) the sum over n in Eq. (8) cannot be truncated to its first term. A calculation of the critical temperature that includes all terms is given in Appendix B.
Appendix B. CRITICAL TEMPERATURE FOR AN IDEAL BOSE GAS
In this Appendix we determine the critical temperature for a noninteracting Bose gas (see for example [20, 21] ) and explain that the low temperature approximation gives the correct scaling behavior but does not reproduce the proportionality constant.
For density n I , the critical temperature is given by the condition
In the nonrelativistic approximation, this simplifies to
The integral can be evaluated as
The numerical constant obtained this way differs from the constant in (63). However, if we make the same approximation as in the derivation of Eq. (63), namely replacing the integral
which corresponds to only keeping the n = 1 term, we obtain
This results in the expression (63) for the critical temperature.
Appendix C. CANONICAL PARTITION FUNCTION AT FIXED ISOSPIN CHARGE FROM MEAN FIELD CHIRAL PERTURBATION THEORY
When the isospin chemical potential is larger than half the pion mass, µ > m π /2, the grand canonical partition function enters in a phase in which the negatively charged pions have condensed. In this case the mean field free energy depends on the chemical potential and the mean field partition function is given by [22] Z(µ) = e 
For µ ≤ m π /2 the mean field partition function is µ-independent, and for the entire range of µ it can be written as 
For µ close to m π /2 it can be approximated by 
For low temperatures, the corresponding canonical partition function is given by
This can be seen by evaluating
For |µ| < m π /2 the sum over q is dominated by the q = 0 term so that the partition function does not depend on µ. For µ > m π /2, we can do a saddle point approximation in q. This results in the partition function (71). For µ < −m π /2, we find a saddle point at negative q again reproducing (71). The free energy is an even function of µ so that the canonical partition functions are even in q as well. In the mean field approximation the distinction between even and odd q has been lost and we do not find that Z q vanishes for odd q.
The canonical partition function can be expressed in terms of the isospin density n I = q/V 3 ,
This is the partition function of a repulsive Bose gas with vacuum energy density given by [22] E 0 = n
In this case, the chemical potential for positive q is given by
Both E 0 and µ I have been studied in lattice simulations [23] where qualitatively the same behavior was found.
If we create a density n 0 at zero temperature in the grand canonical ensemble, so that
and then we heat the sample in the canonical ensemble at this density. Then critical temperature from this mean field result is thus given by (see (63))
